The relativistic Feynman-Metropolis-Teller theory for white-dwarfs in
  general relativity by Rotondo, M. et al.
ar
X
iv
:1
01
2.
01
54
v3
  [
as
tro
-p
h.S
R]
  1
3 S
ep
 20
11
The relativistic Feynman-Metropolis-Teller theory for white dwarfs in general
relativity
Michael Rotondo, Jorge A. Rueda, Remo Ruffini,∗ and She-Sheng Xue
Dipartimento di Fisica and ICRA, Sapienza Universita` di Roma, P.le Aldo Moro 5, I–00185 Rome, Italy and
ICRANet, P.zza della Repubblica 10, I–65122 Pescara, Italy
(Dated: October 28, 2018)
The recent formulation of the relativistic Thomas-Fermi model within the Feynman-Metropolis-
Teller theory for compressed atoms is applied to the study of general relativistic white dwarf equilib-
rium configurations. The equation of state, which takes into account the β-equilibrium, the nuclear
and the Coulomb interactions between the nuclei and the surrounding electrons, is obtained as a
function of the compression by considering each atom constrained in a Wigner-Seitz cell. The con-
tribution of quantum statistics, weak, nuclear, and electromagnetic interactions is obtained by the
determination of the chemical potential of the Wigner-Seitz cell. The further contribution of the
general relativistic equilibrium of white dwarf matter is expressed by the simple formula
√
g00µws =
constant, which links the chemical potential of the Wigner-Seitz cell µws with the general relativis-
tic gravitational potential g00 at each point of the configuration. The configuration outside each
Wigner-Seitz cell is strictly neutral and therefore no global electric field is necessary to warranty
the equilibrium of the white dwarf. These equations modify the ones used by Chandrasekhar by
taking into due account the Coulomb interaction between the nuclei and the electrons as well as
inverse β-decay. They also generalize the work of Salpeter by considering a unified self-consistent
approach to the Coulomb interaction in each Wigner-Seitz cell. The consequences on the numerical
value of the Chandrasekhar-Landau mass limit as well as on the mass-radius relation of 4He, 12C,
16O and 56Fe white dwarfs are presented. All these effects should be taken into account in processes
requiring a precision knowledge of the white dwarf parameters.
Keywords: Relativistic Thomas-Fermi model – equation of state of white dwarf matter – white dwarf equi-
librium configurations in general relativity
I. INTRODUCTION
The necessity of introducing the Fermi-Dirac statis-
tics in order to overcome some conceptual difficulties
in explaining the existence of white dwarfs leading to
the concept of degenerate stars was first advanced by
R. H. Fowler in a classic paper [1]. Following that work,
E. C. Stoner [2] introduced the effect of special relativ-
ity into the Fowler considerations and he discovered the
critical mass of white dwarfs [56]
MStonercrit =
15
16
√
5π
M3Pl
µ2m2n
≈ 3.72 M
3
Pl
µ2m2n
, (1)
where MPl =
√
~c/G ≈ 10−5 g is the Planck mass, mn
is the neutron mass, and µ = A/Z ≈ 2 is the average
molecular weight of matter which shows explicitly the
dependence of the critical mass on the chemical compo-
sition of the star.
Following the Stoner’s work, S. Chandrasekhar [3] [57]
pointed out the relevance of describing white dwarfs by
using an approach, initiated by E. A. Milne [4], of using
the mathematical method of the solutions of the Lane-
Emden polytropic equations [5]. The same idea of using
the Lane-Emden equations taking into account the spe-
cial relativistic effects to the equilibrium of stellar matter
∗Electronic address: ruffini@icra.it
for a degenerate system of fermions, came independently
to L. D. Landau [6]. Both the Chandrasekhar and Lan-
dau treatments were explicit in pointing out the existence
of the critical mass
MCh−Lcrit = 2.015
√
3π
2
M3Pl
µ2m2n
≈ 3.09 M
3
Pl
µ2m2n
, (2)
where the first numerical factor on the right hand
side of Eq. (2) comes from the boundary condition
−(r2du/dr)r=R = 2.015 (see last entry of Table 7 on
Pag. 80 in [5]) of the n = 3 Lane-Emden polytropic equa-
tion. Namely for M > MCh−Lcrit , no equilibrium configu-
ration should exist.
Landau rejected the idea of the existence of such a crit-
ical mass as a “ridiculous tendency” [6]. Chandrasekhar
was confronted by a lively dispute with A. Eddington on
the basic theoretical assumptions he adopted [58] (see [7]
for details).
Some of the basic assumptions adopted by Chan-
drasekhar and Landau in their idealized approach were
not justified e.g. the treatment of the electron as a free-
gas without taking into due account the electromagnetic
interactions, as well as the stability of the distribution of
the nuclei against the gravitational interaction. It is not
surprising that such an approach led to the criticisms of
Eddington who had no confidence of the physical founda-
tion of the Chandrasekhar work [59]. It was unfortunate
that the absence of interest of E. Fermi on the final evo-
lution of stars did not allow Fermi himself to intervene in
this contention and solve definitely these well-posed theo-
2retical problems [8]. Indeed, we are showing in this article
how the solution of the conceptual problems of the white
dwarf models, left open for years, can be duly addressed
by considering the relativistic Thomas-Fermi model of
the compressed atom (see Subsec. II E and Sec. IV).
The original work on white dwarfs was motivated by
astrophysics and found in astrophysics strong observa-
tional support. The issue of the equilibrium of the elec-
tron gas and the associated component of nuclei, taking
into account the electromagnetic, the gravitational and
the weak interactions is a theoretical physics problem,
not yet formulated in a correct special and general rela-
tivistic context.
One of the earliest alternative approaches to
the Chandrasekhar-Landau work was proposed by
E. E. Salpeter in 1961 [9]. He followed an idea orig-
inally proposed by Y. I. Frenkel [10]: to adopt in the
study of white dwarfs the concept of a Wigner-Seitz cell.
Salpeter introduced to the lattice model of a point-like
nucleus surrounded by a uniform cloud of electrons, cor-
rections due to the non-uniformity of the electron distri-
bution (see Subsec. II C for details). In this way Salpeter
[9] obtained an analytic formula for the total energy in
a Wigner-Seitz cell and derived the corresponding equa-
tion of state of matter composed by such cells, pointing
out explicitly the relevance of the Coulomb interaction.
The consequences of the Coulomb interactions in the
determination of the mass and radius of white dwarfs,
was studied in a subsequent paper by T. Hamada and
E. E. Salpeter [11] by using the equation of state con-
structed in [9]. They found that the critical mass of white
dwarfs depends in a nontrivial way on the specific nuclear
composition: the critical mass of Chandrasekhar-Landau
which depends only on the mass to charge ratio of nuclei
A/Z, now depends also on the proton number Z.
This fact can be seen from the approximate expression
for the critical mass of white dwarfs obtained by Hamada
and Salpeter [11] in the ultrarelativistic limit for the elec-
trons
MH&Scrit = 2.015
√
3π
2
1
µ2eff
M3Pl
m2n
, (3)
where
µeff = µ
(
PS
PCh
)
−3/4
, (4)
being PS the pressure of the Wigner-Seitz cell obtained
by Salpeter in [9] (see Subsec. II C) and PCh is the pres-
sure of a free-electron fluid used by Chandrasekhar (see
Subsec. II A). The ratio PS/PCh is a function of the
number of protons Z (see Eq. (20) in [9]) and it satis-
fies PS/PCh < 1. Consequently, the effective molecular
weight satisfies µeff > µ and the critical mass of white
dwarfs turns to be smaller than the original one obtained
by Chandrasekhar-Landau (see Eq. (2)).
In the mean time, the problem of the equilibrium gas
in a white dwarf taking into account possible global elec-
tromagnetic interactions between the nucleus and the
electrons was addressed by E. Olson and M. Bailyn in
[12, 13]. They well summarized the status of the prob-
lem: “Traditional models for the white dwarf are non-
relativistic and electrically neutral ... although an electric
field is needed to support the pressureless nuclei against
gravitational collapse, the star is treated essentially in
terms of only one charge component, where charge neu-
trality is assumed ”. Their solution to the problem in-
vokes the breakdown of the local charge neutrality and
the presence of an overall electric field as a consequence of
treating also the nuclei inside the white dwarf as a fluid.
They treated the white dwarf matter through a two-fluid
model not enforcing local charge neutrality. The closure
equation for the Einstein-Maxwell system of equations
was there obtained from a minimization procedure of the
mass-energy of the configuration. This work was the first
pointing out the relevance of the Einstein-Maxwell equa-
tions in the description of an astrophysical system by
requiring global and non local charge neutrality. As we
will show here, this interesting approach does not apply
to the case of white dwarfs. It represents, however, a new
development in the study of neutron stars (see e.g. [14])
An alternative approach to the Salpeter treatment of
a compressed atom was reconsidered in [15] by applying
for the first time to white dwarfs a relativistic Thomas-
Fermi treatment of the compressed atom introducing a
finite size nucleus within a phenomenological description
(see also [16]).
Recently, the study of a compressed atom has been re-
visited in [17] by extending the global approach of Feyn-
man, Metropolis and Teller [18] taking into account weak
interactions. This treatment takes also into account all
the Coulomb contributions duly expressed relativistically
without the need of any piecewise description. The rela-
tivistic Thomas-Fermi model has been solved by impos-
ing in addition to the electromagnetic interaction also the
weak equilibrium between neutrons, protons and elec-
trons self-consistently. This presents some conceptual
differences with respect to previous approaches and can
be used in order both to validate and to establish their
limitations.
In this article we apply the considerations presented in
[17] of a compressed atom in a Wigner-Seitz cell to the
description of non-rotating white dwarfs in general rel-
ativity. This approach improves all previous treatments
in the following aspects:
1. In order to warranty self-consistency with a rela-
tivistic treatment of the electrons, the point-like as-
sumption of the nucleus is abandoned introducing a
finite sized nucleus [17]. We assume for the mass as
well as for charge to mass ratio of the nucleus their
experimental values instead of using phenomeno-
logical descriptions based on the semi-empirical
mass-formula of Weizsacker (see e.g. [15, 16]).
2. The electron-electron and electron-nucleus Cou-
lomb interaction energy is calculated without any
approximation by solving numerically the relativis-
3tic Thomas-Fermi equation for selected energy-
densities of the system and for each given nuclear
composition.
3. The energy-density of the system is calculated tak-
ing into account the contributions of the nuclei, of
the Coulomb interactions as well as of the relativis-
tic electrons; the latter being neglected in all previ-
ous treatments. This particular contribution turns
to be very important at high-densities and in par-
ticular for light nuclear compositions e.g. 4He and
12C.
4. The β-equilibrium between neutrons, protons, and
electrons is also taken into account leading to a self-
consistent calculation of the threshold density for
triggering the inverse β-decay of a given nucleus.
5. The structure of the white dwarf configurations is
obtained by integrating the general relativity equa-
tions of equilibrium.
6. Due to 4) and 5) we are able to determine if the
instability point leading to a maximum stable mass
of the non-rotating white dwarf is induced by the
inverse β-decay instability of the composing nuclei
or by general relativistic effects.
Paradoxically, after all this procedure which takes into
account many additional theoretical features generaliz-
ing the Chandrasekhar-Landau and the Hamada and
Salpeter works, a most simple equation is found to be
fulfilled by the equilibrium configuration in a spherically
symmetric metric. Assuming the metric
ds2 = eν(r)c2dt2 − eλ(r)dr2 − r2dθ2 − r2 sin2 θdϕ2 , (5)
we demonstrate how the entire system of equations de-
scribing the equilibrium of white dwarfs, taking into ac-
count the weak, the electromagnetic and the gravita-
tional interactions as well as quantum statistics all ex-
pressed consistently in a general relativistic approach, is
simply given by
√
g00µws = e
ν(r)/2µws(r) = constant , (6)
which links the chemical potential of the Wigner-Seitz
cell µws, duly solved by considering the relativistic
Feynman-Metropolis-Teller model following [17], to the
general relativistic gravitational potential at each point
of the configuration. The overall system outside each
Wigner-Seitz cell is strictly neutral and no global electric
field exists, contrary to the results reported in [13]. The
same procedure will apply as well to the case of neutron
star crusts.
The article is organized as follows. In Sec. II we sum-
marize the most common approaches used for the descrip-
tion of white dwarfs and neutron star crusts: the uniform
approximation for the electron fluid (see e.g. [3]); the
often called lattice model assuming a point-like nucleus
surrounded by a uniform electron cloud (see e.g. [19]);
the generalization of the lattice model due to Salpeter
[9]; the Feynman, Metropolis and Teller approach [18]
based on the the non-relativistic Thomas-Fermi model
of compressed atoms and, the relativistic generalization
of the Feynman-Metropolis-Teller treatment recently for-
mulated in [17].
In Sec. III we formulate the general relativistic equa-
tions of equilibrium of the system and show how, from
the self-consistent definition of chemical potential of the
Wigner-Seitz cell and the Einstein equations, comes the
equilibrium condition given by Eq. (6). In addition, we
obtain the Newtonian and the first-order post-Newtonian
equations of equilibrium.
Finally, we show in Sec. IV the new results of the nu-
merical integration of the general relativistic equations of
equilibrium and discuss the corrections to the Stoner crit-
ical mass MStonercrit , to the Chandrasekhar-Landau mass
limit MCh−Lcrit , as well as to the one of Hamada and
Salpeter MH&Scrit , obtained when all interactions are fully
taken into account through the relativistic Feynman-
Metropolis-Teller equation of state [17].
II. THE EQUATION OF STATE
There exists a large variety of approaches to model
the equation of state of white dwarf matter, each one
characterized by a different way of treating or neglecting
the Coulomb interaction inside each Wigner-Seitz cell,
which we will briefly review here. Particular attention
is given to the calculation of the self-consistent chemical
potential of the Wigner-Seitz cell µws, which plays a very
important role in the conservation law (6) that we will
derive in Sec. III.
A. The uniform approximation
In the uniform approximation used by Chandrasekhar
[3], the electron distribution as well as the nucleons are
assumed to be locally constant and therefore the condi-
tion of local charge neutrality
ne =
Z
Ar
nN , (7)
where Ar is the average atomic weight of the nucleus,
is applied. Here nN denotes the nucleon number den-
sity and Z is the number of protons of the nucleus.
The electrons are considered as a fully degenerate free-
gas and then described by Fermi-Dirac statistics. Thus,
their number density ne is related to the electron Fermi-
momentum PFe by
ne =
(PFe )
3
3π2~3
, (8)
4and the total electron energy-density and electron pres-
sure are given by
Ee = 2
(2π~)3
∫ PF
e
0
√
c2p2 +m2ec
44πp2dp
=
m4ec
5
8π2~3
[xe
√
1 + x2e(1 + 2x
2
e)− arcsinh(xe)] , (9)
Pe =
1
3
2
(2π~)3
∫ PF
e
0
c2p2√
c2p2 +m2ec
4
4πp2dp
=
m4ec
5
8π2~3
[xe
√
1 + x2e(2x
2
e/3− 1)
+ arcsinh(xe)] , (10)
where we have introduced the dimensionless Fermi mo-
mentum xe = P
F
e /(mec) with me the electron rest-mass.
The kinetic energy of nucleons is neglected and there-
fore the pressure is assumed to be only due to electrons.
Thus the equation of state can be written as
Eunif = EN + Ee ≈ Ar
Z
Muc
2ne + Ee , (11)
Punif ≈ Pe , (12)
where Mu = 1.6604× 10−24 g is the unified atomic mass
and Ee and Pe are given by Eqs. (9)–(10).
Within this approximation, the total self-consistent
chemical potential is given by
µunif = ArMuc
2 + Zµe , (13)
where
µe =
Ee + Pe
ne
=
√
c2(PFe )
2 +m2ec
4 , (14)
is the electron free-chemical potential.
As a consequence of this effective approach which does
not take into any account the Coulomb interaction, it
is obtained an effective one-component electron-nucleon
fluid approach where the kinetic pressure is given by
electrons of mass me and their gravitational contribu-
tion is given by an effective mass (Ar/Z)Mu attached to
each electron (see e.g. [20]). This is even more evident
when the electron contribution to the energy-density in
Eq. (11) is neglected and therefore the energy-density is
attributed only to the nuclei. Within this approach fol-
lowed by Chandrasekhar [3], the equation of state reduces
to
ECh = Ar
Z
Muc
2ne , (15)
PCh = Punif = Pe . (16)
B. The lattice model
The first correction to the above uniform model, cor-
responds to abandon the assumption of the electron-
nucleon fluid through the so-called “lattice” model which
introduces the concept of Wigner-Seitz cell: each cell con-
tains a point-like nucleus of charge +Ze with A nucleons
surrounded by a uniformly distributed cloud of Z fully-
degenerate electrons. The global neutrality of the cell is
guaranteed by the condition
Z = Vwsne =
ne
nws
, (17)
where nws = 1/Vws is the Wigner-Seitz cell density and
Vws = 4πR
3
ws/3 is the cell volume.
The total energy of the Wigner-Seitz cell is modified
by the inclusion of the Coulomb energy, i.e
EL = EunifVws + EC , (18)
being
EC = Ee−N + Ee−e = − 9
10
Z2e2
Rws
, (19)
where Eunif is given by Eq. (11) and Ee−N and Ee−e are
the electron-nucleus and the electron-electron Coulomb
energies
Ee−N = −
∫ Rws
0
4πr2
(
Ze
r
)
enedr
= −3
2
Z2e2
Rws
, (20)
Ee−e =
3
5
Z2e2
Rws
. (21)
The self-consistent pressure of the Wigner-Seitz cell is
then given by
PL = − ∂EL
∂Vws
= Punif +
1
3
EC
Vws
, (22)
where Punif is given by Eq. (12). It is worth to recall
that the point-like assumption of the nucleus is incom-
patible with a relativistic treatment of the degenerate
electron fluid (see [21, 22] for details). Such an inconsis-
tency has been traditionally ignored by applying, within
a point-like nucleus model, the relativistic formulas (9)
and (10) and their corresponding ultrarelativistic limits
(see e.g. [9]).
The Wigner-Seitz cell chemical potential is in this case
µL = EL + PLVws = µunif +
4
3
EC . (23)
By comparing Eqs. (12) and (22) we can see that the
inclusion of the Coulomb interaction results in a decreas-
ing of the pressure of the cell due to the negative lat-
tice energy EC . The same conclusion is achieved for the
chemical potential from Eqs. (13) and (23).
C. Salpeter approach
A further development to the lattice model came from
Salpeter [9] whom studied the corrections due to the non-
uniformity of the electron distribution inside a Wigner-
Seitz cell.
5Following the Chandrasekhar [3] approximation,
Salpeter also neglects the electron contribution to the
energy-density. Thus, the first term in the Salpeter for-
mula for the energy of the cell comes from the nuclei
energy (15). The second contribution is given by the
Coulomb energy of the lattice model (19). The third
contribution is obtained as follows: the electron density
is assumed as ne[1 + ǫ(r)], where ne = 3Z/(4πR
3
ws) is
the average electron density as given by Eq. (17), and
ǫ(r) is considered infinitesimal. The Coulomb potential
energy is assumed to be the one of the point-like nucleus
surrounded by a uniform distribution of electrons, so the
correction given by ǫ(r) on the Coulomb potential is ne-
glected. The electron distribution is then calculated at
first-order by expanding the relativistic electron kinetic
energy
ǫk =
√
[cPFe (r)]
2 +m2ec
4 −mec2
=
√
~2c2(3π2ne)2/3[1 + ǫ(r)]2/3 +m2ec
4
− mec2, (24)
about its value in the uniform approximation
ǫunifk =
√
~2c2(3π2ne)2/3 +m2ec
4 −mec2 , (25)
considering as infinitesimal the ratio eV/EFe between the
Coulomb potential energy eV and the electron Fermi en-
ergy
EFe =
√
[cPFe (r)]
2 +m2ec
4 −mec2 − eV . (26)
The influence of the Dirac electron-exchange correc-
tion [23] on the equation of state was also considered by
Salpeter [9]. However, adopting the general approach of
Migdal et al. [24], it has been shown that these effects
are negligible in the relativistic regime [17]. We will then
consider here only the major correction of the Salpeter
treatment.
The total energy of the Wigner-Seitz cell is then given
by (see [9] for details)
ES = ECh + EC + E
TF
S , (27)
being
ETFS = −
162
175
(
4
9π
)2/3
α2Z7/3µe , (28)
where ECh = EChVws, EC is given by Eq. (19), µe is
given by Eq. (14), and α = e2/(~c) is the fine structure
constant.
Correspondingly, the self-consistent pressure of the
Wigner-Seitz cell is
PS = PL + P
S
TF , (29)
where
PSTF =
1
3
(
PFe
µe
)2
ETFS
Vws
. (30)
The Wigner-Seitz cell chemical potential can be then
written as
µS = µL + E
S
TF
[
1 +
1
3
(
PFe
µe
)2]
. (31)
From Eqs. (29) and (31), we see that the inclusion of
each additional Coulomb correction results in a further
decreasing of the pressure and of the chemical poten-
tial of the cell. The Salpeter approach is very interest-
ing in identifying piecewise Coulomb contribution to the
total energy, to the total pressure and, to the Wigner-
Seitz chemical potential. However, it does not have the
full consistency of the global solutions obtained with the
Feynman-Metropolis-Teller approach [18] and its gener-
alization to relativistic regimes [17] which we will discuss
in detail below.
D. The Feynman-Metropolis-Teller treatment
Feynman, Metropolis and Teller [18] showed how to
derive the equation of state of matter at high pressures by
considering a Thomas-Fermi model confined in a Wigner-
Seitz cell of radius Rws.
The Thomas-Fermi equilibrium condition for degener-
ate non-relativistic electrons in the cell is expressed by
EFe =
(PFe )
2
2me
− eV = constant > 0 , (32)
where V denotes the Coulomb potential and EFe denotes
the Fermi energy of electrons, which is positive for con-
figurations subjected to external pressure, namely, for
compressed cells.
Defining the function φ(r) by eV (r)+EFe = e
2Zφ(r)/r,
and introducing the dimensionless radial coordinate η
by r = bη, where b = (3π)2/3(λe/α)2
−7/3Z−1/3, being
λe = ~/(mec) the electron Compton wavelength; the
Poisson equation from which the Coulomb potential V
is calculated self-consistently becomes
d2φ(η)
dη2
=
φ(η)3/2
η1/2
. (33)
The boundary conditions for Eq. (33) follow from the
point-like structure of the nucleus φ(0) = 1 and, from
the global neutrality of the Wigner-Seitz cell φ(η0) =
η0dφ/dη|η=η0 , where η0 defines the dimensionless radius
of the Wigner-Seitz cell by η0 = Rws/b.
For each value of the compression, e.g. η0, it corre-
sponds a value of the electron Fermi energy EFe and
a different solution of Eq. (33), which determines the
self-consistent Coulomb potential energy eV as well as
the self-consistent electron distribution inside the cell
through
ne(η) =
Z
4πb3
[
φ(η)
η
]3/2
. (34)
6In the non-relativistic Thomas-Fermi model, the total
energy of the Wigner-Seitz cell is given by (see [18, 25]
for details)
Ews = EN + E
(e)
k + EC , (35)
being
EN = MN(Z,A)c
2 , (36)
E
(e)
k =
∫ Rws
0
4πr2Ee[ne(r)]dr
=
3
7
Z2e2
b
[
4
5
η
1/2
0 φ
5/2(η0)− φ′(0)
]
, (37)
EC = Ee−N + Ee−e
= −6
7
Z2e2
b
[
1
3
η
1/2
0 φ
5/2(η0)− φ′(0)
]
, (38)
where MN(Z,A) is the nucleus mass, Ee[ne(r)] is given
by Eq. (9) and Ee−N and Ee−e are the electron-nucleus
Coulomb energy and the electron-electron Coulomb en-
ergy, which are given by
Ee−N = −
∫ Rws
0
4πr2
(
Ze
r
)
ene(r)dr , (39)
Ee−e =
1
2
∫ Rws
0
4πr2ene(~r)dr
×
∫ Rws
0
4πr′2
ene(~r
′)
|~r − ~r′|dr
′ . (40)
From Eqs. (37) and (38) we recover the well-known
relation between the total kinetic energy and the total
Coulomb energy in the Thomas-Fermi model [18, 25]
E
(e)
k = E
unif
k [ne(Rws)]−
1
2
EC , (41)
whereEunifk [ne(Rws)] is the non-relativistic kinetic energy
of a uniform electron distribution of density ne(Rws), i.e.
Eunifk [ne(Rws)] =
3
5
Z∗µe(Rws) , (42)
with Z∗ defined by
Z∗ = Vwsne(Rws) , (43)
and µe(Rws) = ~
2[3π2ne(Rws)]
2/3/(2me).
The self-consistent pressure of the Wigner-Seitz cell
given by the non-relativistic Thomas-Fermi model is (see
[18, 25] for details)
PTF =
2
3
Eunifk [ne(Rws)]
Vws
. (44)
The pressure of the Thomas-Fermi model (44) is
equal to the pressure of a free-electron distribution
of density ne(Rws). Being the electron density in-
side the cell a decreasing function of the distance from
the nucleus, the electron density at the cell boundary,
ne(Rws), is smaller than the average electron distribu-
tion 3Z/(4πR3ws). Then, the pressure given by (44) is
smaller than the one given by the non-relativistic version
of Eq. (10) of the uniform model of Subsec. II A. Such a
smaller pressure, although faintfully given by the expres-
sion of a free-electron gas, contains in a self-consistent
fashion all the Coulomb effects inside the Wigner-Seitz
cell.
The chemical potential of the Wigner-Seitz cell of the
non-relativistic Thomas-Fermi model can be then written
as
µTF =MN (Z,A)c
2 + Z∗µe(Rws) +
1
2
EC , (45)
where we have used Eqs. (41)–(43).
Integrating by parts the total number of electrons
Z =
∫ Rws
0
4πr2ne(r)dr = Z
∗ + I(Rws) , (46)
where
I(Rws) =
∫ Rws
0
4π
3
r3
∂ne(r)
∂r
dr , (47)
we can rewrite finally the following semi-analytical ex-
pression of the chemical potential (45) of the cell
µTF = MN(Z,A)c
2 + Zµunife
[
1 +
I(Rws)
Z
]2/3
+ µunife I(Rws)
[
1 +
I(Rws)
Z
]2/3
+
1
2
EC , (48)
where µunife is the electron free-chemical potential (14)
calculated with the average electron density, namely, the
electron chemical potential of the uniform approxima-
tion. The function I(Rws) depends explicitly on the gra-
dient of the electron density, i.e. on the non-uniformity
of the electron distribution.
In the limit of absence of Coulomb interaction both
the last term and the function I(Rws) in Eq. (48) vanish
and therefore in this limit µTF reduces to
µTF → µunif , (49)
where µunif is the chemical potential in the uniform ap-
proximation given by Eq. (13).
E. The relativistic Feynman-Metropolis-Teller
treatment
We recall now how the above classic Feynman,
Metropolis, and Teller treatment of compressed atoms
has been recently generalized to relativistic regimes (see
[17] for details). One of the main differences in the rel-
ativistic generalization of the Thomas-Fermi equation is
7that, the point-like approximation of the nucleus, must
be abandoned since the relativistic equilibrium condition
of compressed atoms
EFe =
√
c2(PFe )
2 +m2ec
4−mec2−eV (r) = constant > 0 ,
(50)
would lead to a non-integrable expression for the electron
density near the origin (see e.g.[21, 22]).
It is then assumed a constant distribution of protons
confined in a radius Rc defined by
Rc = ∆λpiZ
1/3 , (51)
where λpi = ~/(mpic) is the pion Compton wavelength.
If the system is at nuclear density ∆ ≈ (r0/λpi)(A/Z)1/3
with r0 ≈ 1.2 fm. Thus, in the case of ordinary nuclei
(i.e., for A/Z ≈ 2) we have ∆ ≈ 1. Consequently, the
proton density can be written as
np(r) =
Z
4
3πR
3
c
θ(r−Rc) = 3
4π
(
1
∆λpi
)3
θ(r−Rc) , (52)
where θ(r−Rc) denotes the Heaviside function centered
at Rc. The electron density can be written as
ne(r) =
(PFe )
3
3π2~3
=
1
3π2~3c3
[
Vˆ 2(r) + 2mec
2Vˆ (r)
]3/2
,
(53)
where Vˆ = eV + EFe and we have used Eq. (50).
The overall Coulomb potential satisfies the Poisson
equation
∇2V (r) = −4πe [np(r)− ne(r)] , (54)
with the boundary conditions dV/dr|r=Rws = 0 and
V (Rws) = 0 due to the global charge neutrality of the
cell.
By introducing the dimensionless quantities x = r/λpi,
xc = Rc/λpi, χ/r = Vˆ (r)/(~c) and replacing the particle
densities (52) and (53) into the Poisson equation (54), it
is obtained the relativistic Thomas-Fermi equation [26]
1
3x
d2χ(x)
dx2
= − α
∆3
θ(xc − x)
+
4α
9π
[
χ2(x)
x2
+ 2
me
mpi
χ(x)
x
]3/2
, (55)
which must be integrated subjected to the boundary
conditions χ(0) = 0, χ(xws) ≥ 0 and dχ/dx|x=xws =
χ(xws)/xws, where xws = Rws/λpi.
The neutron density nn(r), related to the neutron
Fermi momentum PFn = (3π
2
~
3nn)
1/3, is determined by
imposing the condition of beta equilibrium
EFn =
√
c2(PFn )
2 +m2nc
4 −mnc2 =
√
c2(PFp )
2 +m2pc
4
− mpc2 + eV (r) + EFe , (56)
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FIG. 1: The electron number density ne in units of the average
electron number density n0 = 3Z/(4πR
3
ws) inside a Wigner-
Seitz cell of 12C. The dimensionless radial coordinate is x =
r/λpi and Wigner-Seitz cell radius is xws ≈ 255 corresponding
to a density of ∼ 108 g/cm3. The solid curve corresponds
to the relativistic Feynman-Metropolis-Teller treatment and
the dashed curve to the uniform approximation. The electron
distribution for different levels of compression as well as for
different nuclear compositions can be found in [17].
subjected to the baryon number conservation equation
A =
∫ Rc
0
4πr2[np(r) + nn(r)]dr . (57)
In Fig. 1 we see how the relativistic generalization of
the Feynman-Metropolis-Teller treatment leads to elec-
tron density distributions markedly different from the
constant electron density approximation. The electron
distribution is far from being uniform as a result of the
solution of Eq. (55), which takes into account the electro-
magnetic interaction between electrons and between the
electrons and the finite sized nucleus. Additional details
are given in [17].
V. S. Popov et al. [27] have shown how the solu-
tion of the relativistic Thomas-Fermi equation (55) to-
gether with the self-consistent implementation of the β-
equilibrium condition (56) leads, in the case of zero elec-
tron Fermi energy (EFe = 0), to a theoretical prediction of
the β-equilibrium line, namely a theoretical Z-A relation.
Within this model the mass to charge ratio A/Z of nuclei
is overestimated, e.g. in the case of 4He the overestimate
is ∼ 3.8%, for 12C ∼ 7.9%, for 16O ∼ 9.52%, and for 56Fe
∼ 13.2%. These discrepancies are corrected when the
model of the nucleus considered above is improved by ex-
plicitly including the effects of strong interactions. This
model, however, illustrates how a self-consistent calcula-
tion of compressed nuclear matter can be done including
electromagnetic, weak, strong as well as special relativis-
tic effects without any approximation. This approach
promises to be useful when theoretical predictions are
essential, for example in the description of nuclear mat-
8ter at very high densities, e.g. nuclei close and beyond
the neutron drip line.
The densities in white dwarf interiors are not highly
enough to require such theoretical predictions. There-
fore, in order to ensure the accuracy of our results we use
for (Z,A), needed to solve the relativistic Thomas-Fermi
equation (55), as well as for the nucleus mass MN (Z,A),
their known experimental values. In this way we take
into account all the effects of the nuclear interaction.
Thus, the total energy of the Wigner-Seitz cell in the
present case can be written as
ErelFMT = EN + E
(e)
k + EC , (58)
being
EN = MN (Z,A)c
2 , (59)
E
(e)
k =
∫ Rws
0
4πr2(Ee −mene)dr , (60)
EC =
1
2
∫ Rws
Rc
4πr2e[np(r) − ne(r)]V (r)dr , (61)
where MN(Z,A) = ArMu is the experimental nucleus
mass, e.g. for 4He, 12C, 16O and 56Fe we have Ar =
4.003, 12.01, 16.00 and 55.84 respectively. In Eq. (61)
the integral is evaluated only outside the nucleus (i.e.
for r > Rc) in order to avoid a double counting with the
Coulomb energy of the nucleus already taken into account
in the nucleus mass (59). In order to avoid another dou-
ble counting we subtract to the electron energy-density
Ee in Eq. (60) the rest-energy density mec2ne which is
also taken into account in the nucleus mass (59).
The total pressure of the Wigner-Seitz cell is given by
P relFMT = Pe[ne(Rws)] , (62)
where Pe[ne(Rws)] is the relativistic pressure (10) com-
puted with the value of the electron density at the bound-
ary of the cell.
The electron density at the boundary Rws in the rel-
ativistic Feynman-Metropolis-Teller treatment is smaller
with respect to the one given by the uniform density ap-
proximation (see Fig. 1). Thus, the relativistic pressure
(62) gives systematically smaller values with respect to
the uniform approximation pressure (10) as well as with
respect to the Salpeter pressure (29).
In Fig. 2 we show the ratio between the relativistic
Feynman-Metropolis-Teller pressure P relFMT (62) and the
Chandrasekhar pressure PCh (10) and the Salpeter pres-
sure PS (29) in the case of
12C. It can be seen how P relFMT
is smaller than PCh for all densities as a consequence of
the Coulomb interaction. With respect to the Salpeter
case, we have that the ratio P relFMT/PS approaches unity
from below at large densities as one should expect.
However, at low densities . 104–105 g/cm3, the ra-
tio becomes larger than unity due to the defect of
the Salpeter treatment which, in the low density non-
relativistic regime, leads to a drastic decrease of the pres-
sure and even to negative pressures at densities . 102
103 104 105 106 107 108 109
 (g/cm3 )
0.90
0.95
1.00
1.05
P relFMT/PCh
P relFMT/PS
FIG. 2: Ratio of the pressures in the different treatments as a
function of the density for 12C white dwarfs (see Table I). The
solid curve corresponds to the ratio between the relativistic
Feynman-Metropolis-Teller pressure P relFMT given by Eq. (62)
and the Chandrasekhar pressure PCh given by Eq. (10). The
dashed curve corresponds to the ratio between the relativistic
Feynman-Metropolis-Teller pressure P relFMT given by Eq. (62)
and the Salpeter pressure PS given by Eq. (29).
ρ PCh PS P
rel
FMT
10 1.46731 × 1014 −1.35282 × 1013 4.54920 × 1014
40 1.47872 × 1015 4.60243 × 1014 7.09818 × 1014
70 3.75748 × 1015 1.60860 × 1015 2.05197 × 1015
102 6.80802 × 1015 3.34940 × 1015 3.90006 × 1015
103 3.15435 × 1017 2.40646 × 1017 2.44206 × 1017
104 1.45213 × 1019 1.28976 × 1019 1.28965 × 1019
105 6.50010 × 1020 6.14494 × 1020 6.13369 × 1020
106 2.62761 × 1022 2.54932 × 1022 2.54431 × 1022
107 8.46101 × 1023 8.28899 × 1023 8.27285 × 1023
108 2.15111 × 1025 2.11375 × 1025 2.10896 × 1025
109 4.86236 × 1026 4.78170 × 1026 4.76613 × 1026
1010 1.05977 × 1028 1.04239 × 1028 1.03668 × 1028
TABLE I: Equation of state for 12C within the different
treatments. The pressure in the uniform approximation for
µ = 2 is PCh, the Salpeter pressure is PS and the relativistic
Feynman-Metropolis-Teller pressure is P relFMT. The units for
the density are g/cm3 and for the pressure dyn/cm2.
g/cm3 or higher for heavier nuclear compositions e.g. 56Fe
(see [9, 17] and Table I). This is in contrast with the
relativistic Feynman-Metropolis-Teller treatment which
matches smoothly the classic Feynman-Metropolis-Teller
equation of state in that regime (see [17] for details).
No analytic expression of the Wigner-Seitz cell chem-
ical potential can be given in this case, so we only write
its general expression
µrelFMT = E
rel
FMT + P
rel
FMTVws , (63)
9where ErelFMT and P
rel
FMT are given by Eqs. (58) and (62)
respectively. The above equation, contrary to the non-
relativistic formula (45), in no way can be simplified in
terms of its uniform counterparts. However, it is easy
to check that, in the limit of no Coulomb interaction
ne(Rws) → 3Z/(4πR3ws), EC → 0, and Ek → EChVws
and, neglecting the nuclear binding and the proton-
neutron mass difference, we finally obtain
µrelFMT → µunif , (64)
as it should be expected.
Now we summarize how the equation of state of com-
pressed nuclear matter can be computed in the Salpeter
case and in the relativistic Feynman-Metropolis-Teller
case, parameterized by the total density of the system:
(i) For a given radius Rws of the Wigner-Seitz cell the
relativistic Thomas-Fermi equation (55) is integrated nu-
merically and the density of the configuration is com-
puted as ρ = ErelFMT/(c
2Vws) where E
rel
FMT is the energy
of the cell given by Eq. (58).
(ii) For that value of the density, the radius of the
Wigner-Seitz cell in the Salpeter treatment is
Rws =
(
3ArMu
4πρ
)1/3
, (65)
where Eq. (15) has been used. On the contrary, in the
relativistic Feynman-Metropolis-Teller treatment no an-
alytic expression relating Wigner-Seitz cell radius and
density can be written.
(iii) From this Wigner-Seitz cell radius, or equivalently
using the value of the density, the electron density in
the Salpeter model is computed from the assumption of
uniform electron distribution and the charge neutrality
condition, i.e. Eq. (15). In the relativistic Feynman-
Metropolis-Teller treatment, the electron number den-
sity at the boundary of the Wigner-Seitz cell is, following
Eq. (53), given by
nrelFMTe =
1
3π2λ3pi
[
χ2(xws)
x2ws
+ 2
me
mpi
χ(xws)
xws
]3/2
, (66)
where the function χ(x) is the solution of the relativistic
Thomas-Fermi equation (55).
(iv) Finally, with the knowledge of the electron density
at Rws, the pressure can be calculated. In the Salpeter
approach it is given by Eq. (29) while in the relativistic
Feynman-Metropolis-Teller case it is given by Eq. (62).
III. GENERAL RELATIVISTIC EQUATIONS OF
EQUILIBRIUM
Outside each Wigner-Seitz cell the system is electri-
cally neutral, thus no overall electric field exists. There-
fore, the above equation of state can be used to calcu-
late the structure of the star through the Einstein equa-
tions. Introducing the spherically symmetric metric (5),
the Einstein equations can be written in the Tolman-
Oppenheimer-Volkoff form [28, 29]
dν(r)
dr
=
2G
c2
4πr3P (r)/c2 +M(r)
r2
[
1− 2GM(r)c2r
] , (67)
dM(r)
dr
= 4πr2
E(r)
c2
, (68)
dP (r)
dr
= −1
2
dν(r)
dr
[E(r) + P (r)] , (69)
where we have introduced the mass enclosed at the dis-
tance r through eλ(r) = 1 − 2GM(r)/(c2r), E(r) is the
energy-density and P (r) is the total pressure.
We turn now to demonstrate how, from Eq. (69), it
follows the general relativistic equation of equilibrium
(6), for the self-consistent Wigner-Seitz chemical poten-
tial µws. The first law of thermodynamics for a zero
temperature fluid of N particles, total energy E, total
volume V , total pressure P = −∂E/∂V , and chemical
potential µ = ∂E/∂N reads
dE = −PdV + µdN , (70)
where the differentials denote arbitrary but simultaneous
changes in the variables. Since for a system whose surface
energy can be neglected with respect to volume energy,
the total energy per particle E/N depends only on the
particle density n = N/V , we can assume E/N as an ho-
mogeneous function of first-order in the variables N and
V and hence, it follows the well-known thermodynamic
relation
E = −PV + µN . (71)
In the case of the Wigner-Seitz cells, Eq. (71) reads
Ews = −PwsVws + µws , (72)
where we have introduced the fact that the Wigner-Seitz
cells are the building blocks of the configuration and
therefore we must put in Eq. (71) Nws = 1. Through
the entire article we have used Eq. (72) to obtain from
the knowns energy and pressure, the Wigner-Seitz cell
chemical potential (see e.g. Eqs. (13) and (23)). From
Eqs. (70) and (71) we obtain the so-called Gibbs-Duhem
relation
dP = ndµ . (73)
In a white dwarf the pressure P and the chemical po-
tential µ are decreasing functions of the distance from
the origin. Thus, the differentials in the above equations
can be assumed as the gradients of the variables which,
in the present spherically symmetric case, become just
derivatives with respect to the radial coordinate r. From
Eq. (73) it follows the relation
dPws
dr
= nws
dµws
dr
. (74)
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From Eqs. (69), (72) and (74) we obtain
nws(r)
dµws(r)
dr
= −1
2
dν(r)
dr
nws(r)µws(r) , (75)
which can be straightforwardly integrated to obtain the
first integral
eν(r)/2µws(r) = constant . (76)
The above equilibrium condition is general and it also
applies for non-zero temperature configurations ( see
e.g. [30]). In such a case, it can be shown that in ad-
dition to the equilibrium condition (76) the temperature
of the system satisfies the Tolman isothermality condi-
tion eν(r)/2T (r) = constant [31, 32].
A. The weak-field non-relativistic limit
In the weak-field limit we have eν/2 ≈ 1 + Φ, where
the Newtonian gravitational potential has been defined
by Φ(r) = ν(r)/2. In the non-relativistic mechanics limit
c→∞, the chemical potential µws → µ˜ws+Mwsc2, where
µ˜ws denotes the non-relativistic free-chemical potential
of the Wigner-Seitz cell and Mws is the rest-mass of the
Wigner-Seitz cell, namely, the rest-mass of the nucleus
plus the rest-mass of the electrons. Applying these con-
siderations to Eq. (76) we obtain
eν/2µws ≈Mwsc2 + µ˜ws +MwsΦ = constant . (77)
Absorbing the Wigner-Seitz rest-mass energy Mwsc
2 in
the constant on the right-hand-side we obtain
µ˜ws +MwsΦ = constant . (78)
In the weak-field non-relativistic limit, the Einstein
equations (67)–(69) reduce to
dΦ(r)
dr
=
GM(r)
r2
, (79)
dM(r)
dr
= 4πr2ρ(r) , (80)
dP (r)
dr
= −GM(r)
r2
ρ(r) , (81)
where ρ(r) denotes the rest-mass density. The Eqs. (79)–
(80) can be combined to obtain the gravitational Poisson
equation
d2Φ(r)
dr2
+
2
r
dΦ(r)
dr
= 4πGρ(r) . (82)
In the uniform approximation (see Subsec. II A), the
equilibrium condition given by Eq. (78) reads
µ˜e +
Ar
Z
MuΦ = constant , (83)
where we have neglected the electron rest-mass with re-
spect to the nucleus rest-mass and we have divided the
equation by the total number of electrons Z. This equi-
librium equation is the classical condition of thermo-
dynamic equilibrium assumed for non-relativistic white
dwarf models (see e.g. [20] for details).
Introducing the above equilibrium condition (83) into
Eq. (82), and using the relation between the non-
relativistic electron chemical potential and the particle
density ne = (2me)
3/2µ˜
3/2
e /(3π2~3), we obtain
d2µ˜e(r)
dr2
+
2
r
dµ˜e(r)
dr
= −2
7/3m
3/2
e (Ar/Z)
2m2NG
3π~3
µ˜3/2e (r) ,
(84)
which is the correct equation governing the equilibrium of
white dwarfs within Newtonian gravitational theory [20].
It is remarkable that the equation of equilibrium (84),
obtained from the correct application of the Newtonian
limit, does not coincide with the equation given by [3, 33–
35], which, as correctly pointed out by [36], is a mixture of
both relativistic and non-relativistic approaches. Indeed,
the consistent relativistic equations should be Eq. (76).
Therefore a dual relativistic and non-relativistic equation
of state was used by Chandrasekhar. The pressure on
the left-hand-side of Eq. (81) is taken to be given by
relativistic electrons while, the term on the right-hand-
side of Eq. (80) and (81) (or the source of Eq. (82)), is
taken to be the rest-mass density of the system instead of
the total relativistic energy-density. Such a procedure is
equivalent to take the chemical potential in Eq. (78) as a
relativistic quantity. As we have seen, this is inconsistent
with the weak-field non-relativistic limit of the general
relativistic equations.
B. The Post-Newtonian limit
Although quantitatively justifiable (see next section),
the Chandrasekhar approach was strongly criticized by
Eddington because it was conceptually unjustified. In-
deed, if one were to treat the problem of white dwarfs
approximately without going to the sophistications of
general relativity, but including the effects of relativistic
mechanics, one should use at least the equations in the
post-Newtonian limit. The first-order post-Newtonian
expansion of the Einstein equations (67)–(69) in powers
of P/E and GM/(c2r) leads to the equilibrium equations
[37]
dΦ(r)
dr
= − 1E(r)
[
1− P (r)E(r)
]
dP (r)
dr
, (85)
dM(r)
dr
= 4πr2
E(r)
c2
, (86)
dP (r)
dr
= −GM(r)
r2
E(r)
c2
[
1 +
P (r)
E(r) +
4πr3P (r)
M(r)c2
+
2GM(r)
c2r
]
, (87)
where Eq. (87) is the post-Newtonian version of the
Tolman-Oppenheimer-Volkoff equation (69).
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Replacing Eq. (74) into Eq. (85) we obtain[
1− P (r)E(r)
]
dµws(r)
dr
+
E(r)/c2
nws(r)
dΦ(r)
dr
= 0 . (88)
It is convenient to split the energy-density as E = c2ρ+U ,
where ρ = Mwsnws is the rest-energy density and U the
internal energy-density. Thus, Eq. (88) becomes
dµws(r)
dr
+ Mws
dΦ(r)
dr
− P (r)E(r)
dµws(r)
dr
+
U/c2
nws(r)
dΦ(r)
dr
= 0 , (89)
which is the differential post-Newtonian version of the
equilibrium equation (76) and where the post-Newtonian
corrections of equilibrium can be clearly seen. Applying
the non-relativistic limit c → ∞ to Eq. (89): P/E →
0, U/c2 → 0, and µws → Mwsc2 + µ˜ws, we recover the
Newtonian equation of equilibrium (78).
IV. MASS AND RADIUS OF GENERAL
RELATIVISTIC STABLE WHITE DWARFS
A. Inverse β-decay instability
It is known that white dwarfs may become unstable
against the inverse β-decay process (Z,A) → (Z − 1, A)
through the capture of energetic electrons (see e.g. [38–
41]). In order to trigger such a process, the electron
Fermi energy must be larger than the mass difference
between the initial nucleus (Z,A) and the final nucleus
(Z − 1, A). We denote this threshold energy as ǫβZ . Usu-
ally it is satisfied ǫβZ−1 < ǫ
β
Z and therefore the initial
nucleus undergoes two successive decays, i.e. (Z,A) →
(Z − 1, A) → (Z − 2, A) (see e.g. [9, 42]). Some of the
possible decay channels in white dwarfs with the corre-
sponding known experimental threshold energies ǫβZ are
listed in Table II. The electrons in the white dwarf may
eventually reach the threshold energy to trigger a given
decay at some critical density ρβcrit. Configurations with
ρ > ρβcrit become unstable (see [9, 41] for details).
Within the uniform approximation, e.g. in the case of
the Salpeter equation of state [9], the critical density for
the onset of inverse β-decay is given by
ρβ,unifcrit =
Ar
Z
Mu
3π2~3c3
[(ǫβZ)
2 + 2mec
2ǫβZ ]
3/2 , (90)
where Eq. (15) has been used.
Because the computation of the electron Fermi en-
ergy within the relativistic Feynman-Metropolis-Teller
approach [17] involves the numerical integration of the
relativistic Thomas-Fermi equation (55), no analytic ex-
pression for ρβcrit can be found in this case. The critical
density ρβ,relFMTcrit is then obtained numerically by looking
Decay ǫβZ ρ
β,relFMT
crit
ρβ,unif
crit
4He →3 H + n→ 4n 20.596 1.39 × 1011 1.37 × 1011
12C →12B →12Be 13.370 3.97 × 1010 3.88 × 1010
16O →16N →16C 10.419 1.94 × 1010 1.89 × 1010
56Fe →56Mn →56Cr 3.695 1.18 × 109 1.14× 109
TABLE II: Onset of inverse beta decay instability for 4He,
12C, 16O and 56Fe. The experimental inverse β-decay ener-
gies ǫβZ are given in MeV and they have been taken from Table
1 of [43]. The corresponding critical density for the uniform
electron density model, ρβ,unif
crit
given by Eq. (90), is given in
g/cm3 as well as the critical density ρβ,relFMT
crit
for the relativis-
tic Feynman-Metropolis-Teller case. The numerical values of
ǫβZ are taken from [44], see also [42]
.
for the density at which the electron Fermi energy (50)
equals ǫβZ .
In Table II we show, correspondingly to each threshold
energy ǫβZ , the critical density both in the Salpeter case
ρβ,unifcrit given by Eq. (90) and in the relativistic Feynman-
Metropolis-Teller case ρβ,relFMTcrit . It can be seen that
ρβ,relFMTcrit > ρ
β,unif
crit as one should expect from the fact
that, for a given density, the electron density at the
Wigner-Seitz cell boundary satisfies nrelFMTe < n
unif
e .
This means that, in order to reach a given energy,
the electrons within the relativistic Feynman-Metropolis-
Teller approach must be subjected to a larger den-
sity with respect to the one given by the approximated
Salpeter analytic formula (90).
B. General relativistic instability
The concept of the critical mass has played a major
role in the theory of stellar evolution. For Newtonian
white dwarfs the critical mass is reached asymptotically
at infinite central densities of the object. One of the
most important general relativistic effects is to shift this
critical point to some finite density ρGRcrit.
This general relativistic effect is an additional source
of instability with respect to the already discussed insta-
bility due to the onset of inverse β-decay which, contrary
to the present general relativistic one, applies also in the
Newtonian case by shifting the maximum mass of New-
tonian white dwarfs to finite densities (see e.g. [41]).
C. Numerical results
In Figs. 3–10 we have plotted the mass-central density
relation and the mass-radius relation of general relativis-
tic 4He, 12C, 16O and 56Fe white dwarfs. In particu-
lar, we show the results for the Newtonian white dwarfs
of Hamada and Salpeter [11], for the Newtonian white
12
ρH&Scrit M
H&S
crit /M⊙ ρ
FMTrel
crit M
FMTrel
crit /M⊙
4He 1.37 × 1011 1.44064 1.56 × 1010 1.40906
12C 3.88 × 1010 1.41745 2.12 × 1010 1.38603
16O 1.89 × 1010 1.40696 1.94 × 1010 1.38024
56Fe 1.14 × 109 1.11765 1.18× 109 1.10618
TABLE III: Critical density and corresponding critical mass
for the onset of gravitational collapse of the Newtonian 4He,
12C, 16O and 56Fe white dwarfs of Hamada [11], based on the
Salpeter equation of state [9], and of the corresponding gen-
eral relativistic configurations obtained in this work based on
the relativistic Feynman-Metropolis-Teller equation of state
[17]. Densities are in g/cm3 and masses in solar masses. For
the sake of comparison, the critical mass of Stoner (1) and of
the one of Chandrasekhar-Landau (2) are MStonercrit ∼ 1.72M⊙
and MCh−L
crit
∼ 1.45M⊙, for the average molecular weight
µ = Ar/Z = 2.
dwarfs of Chandrasekhar [3] and the general relativistic
configurations obtained in this work based on the rela-
tivistic Feynman-Metropolis-Teller equation of state [17].
Since our approach takes into account self-consistently
both β-decay equilibrium and general relativity, we can
determine if the critical mass is reached due either to
inverse β-decay instability or to the general relativistic
instability.
A comparison of the numerical value of the critical
mass as given by Stoner [2], Eq. (1), by Chandrasekhar
[3] and Landau [6], Eq. (2), by Hamada and Salpeter [11]
and, by the treatment presented here can be found in
Table III.
From the numerical integrations we have obtained:
1. 4He and 12C white dwarfs satisfy ρGRcrit < ρ
β
crit (see
Figs. 3–6 and Tables II and III), so they are unsta-
ble with respect to general relativistic effects. The
critical density of 12C white dwarfs is ∼ 2.12×1010
g/cm3, to be compared with the value 2.65 × 1010
g/cm3 obtained from calculations based on general
relativistic corrections to the theory of polytropes
(see e.g. [42]).
2. White dwarfs composed of heavier material than
12C, e.g. 16O and 56Fe are unstable due to inverse
β-decay of the nuclei (see Figs. 7–10 and Tables II
and III). It is worth to notice that the correct eval-
uation of general relativistic effects and of the com-
bined contribution of the electrons to the energy-
density of the system introduce, for 12C white
dwarfs, a critical mass not due to the inverse beta
decay. When the contribution of the electrons to
the energy-density is neglected (e.g. Chandrasekhar
[3] and Hamada and Salpeter [11], see Eq. (15))
the critical density for Carbon white dwarfs is de-
termined by inverse beta decay irrespective of the
effects of general relativity.
3. It can be seen from Figs. 3–10 that the drastic de-
crease of the Salpeter pressure at low densities (see
[9, 17] and Table I for details) produces an under-
estimate of the mass and the radius of low density
(low mass) white dwarfs.
4. The Coulomb effects are much more pronounced in
the case of white dwarfs with heavy nuclear com-
positions e.g. 56Fe (see Figs. 9 and 10).
V. CONCLUSIONS
We have addressed the theoretical physics aspects of
the white dwarf configurations of equilibrium, quite apart
from the astrophysical application.
The recently accomplished description of a compressed
atom within the global approach of the relativistic Feyn-
man, Metropolis and Teller [17] has been here solved
within the Wigner-Seitz cell and applied to the construc-
tion of white dwarfs in the framework of general rela-
tivity. From a theoretical physics point of view, this is
the first unified approach of white dwarfs taking into ac-
count consistently the gravitational, the weak, the strong
and the electromagnetic interactions, and it answers open
theoretical physics issues in this matter. No analytic for-
mula for the critical mass of white dwarfs can be derived
and, on the contrary, the critical mass can obtained only
through the numerical integration of the general relativis-
tic equations of equilibrium together with the relativistic
Feynman-Metropolis-Teller equation of state.
The value of the critical mass and the radius of white
dwarfs in our treatment and in the Hamada and Salpeter
[11] treatment becomes a function of the composition of
the star. Specific examples have been given in the case of
white dwarfs composed of 4He, 12C, 16O and 56Fe. The
results of Chandrasekhar, of Hamada and Salpeter and
ours have been compared and contrasted (see Table III
and Figs. 3–10).
The critical mass is a decreasing function of Z and
Coulomb effects are more important for heavy nuclear
compositions. The validity of the Salpeter approximate
formulas increases also with Z, namely for heavy nuclear
compositions the numerical values of the masses as well as
of the radii of white dwarfs obtained using the Salpeter
equation of state are closer to the ones obtained from
the full numerical integration of the general relativistic
treatment presented here.
Turning now to astrophysics, the critical mass of white
dwarfs is today acquiring a renewed interest in view of its
central role in the explanation of the supernova phenom-
ena [45–48]. The central role of the critical mass of white
dwarfs as related to supernova was presented by F. Hoyle
and W. A. Fowler [49] explaining the difference between
type I and type II Supernova. This field has developed in
the intervening years to a topic of high precision research
in astrophysics and, very likely, both the relativistic and
the Coulomb effects outlined in this article will become
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FIG. 4: Mass in solar masses as a function of the radius in units of 104 km for 4He white dwarfs. The left and right panels show
the configurations for the same range of central densities of the corresponding panels of Fig. 3. The solid curve corresponds to
the present work, the dotted curves are the Newtonian configurations of Hamada and Salpeter and the dashed curve are the
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topic of active confrontation between theory and obser-
vation. For instance, the underestimate of the mass and
the radius of low density white dwarfs within the Hamada
and Salpeter treatment [11] (see Figs. 3–10) leads to the
possibility of a direct confrontation with observations in
the case of low mass white dwarfs e.g. the companion of
the Pulsar J1141-6545 [50].
We have finally obtained a general formula in Eq. (76)
as a “first integral” of the general relativistic equations
of equilibrium. This formula relates the chemical po-
tential of the Wigner-Seitz cells, duly obtained from the
relativistic Feynman-Metropolis-Teller model [17] taking
into account weak, nuclear and electromagnetic interac-
tions, to the general relativistic gravitational potential
at each point of the configuration. Besides its esthetic
value, this is an important tool to examine the radial de-
pendence of the white dwarf properties and it can be also
applied to the crust of a neutron star as it approaches to
the physical important regime of neutron star cores.
The formalism we have introduced allows in principle
to evaluate subtle effects of a nuclear density distribu-
tion as a function of the radius and of the Fermi en-
ergy of the electrons and of the varying depth of the
general relativistic gravitational potential. The theoreti-
cal base presented in this article establishes also the cor-
rect framework for the formulation of the more general
case when finite temperatures and magnetic fields are
present. This treatment naturally opens the way to a
more precise description of the crust of neutron stars,
which will certainly become an active topic of research
14
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in view of the recent results by S. Goriely et al. [51, 52]
and by J. M. Pearson et al. [53] on the importance of the
Coulomb effects in the r-process nucleosynthesis of the
crust material during its post-ejection evolution in the
process of gravitational collapse and/or in the merging
of neutron star binaries.
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